We consider Chiral Separation Effect (CSE) in the lattice regularized quantum field theory. We discuss two types of regularization -with and without exact chiral symmetry. In the latter case this effect is described by its conventional expression for the massless fermions. This is illustrated by the two particular cases -of Wilson fermions and of the conventional overlap fermions. At the same time in the presence of the exact chiral symmetry the CSE disappears. This is illustrated by the naive lattice fermions, when the contributions of the fermion doublers cancel each other. Another example is the modified version of the overlap regularization proposed recently, where there is the exact chiral symmetry, but as a price for this the fermion doublers become zeros of the Green function. In this case the contribution to the CSE of zeros and poles of the Green function cancel each other.
I. INTRODUCTION
The family of the non -dissipative transport effects has been widely discussed recently both in the context of the high energy physics and in the context of condensed matter theory [1] [2] [3] [4] [5] [6] [7] [8] . The possible appearance of such effects in the recently discovered Dirac and Weyl semimetals has been considered [9] [10] [11] [12] [13] [14] [15] . The chiral separation effect (CSE) [16] is one of the members of this family. It manifests itself in the equilibrium theory with massless Dirac fermion, where in the presence of external magnetic field (corresponding to the field strength F ij ) and the ordinary chemical potential µ the axial current appears given by
In the context of the high energy physics the possibility to observe CSE was discussed, in particular, in relation to the relativistic heavy -ion collisions (see, for example, [17] [18] [19] and references therein). The CSE at a first look has the same origin (the chiral anomaly) as the so -called Chiral Magnetic Effect, which was discussed, for example, in [17, [20] [21] [22] [23] . Although it was reported that the possible existence of the chiral magnetic contribution to ordinary conductivity [25] was observed in recently discovered Dirac semimetals [24] , it was shown that the original equilibrium [20] version of CME does not exist. In particular, in [5] [6] [7] [8] using various numerical methods the CME current was investigated in the context of lattice field theory. It was argued, that the equilibrium bulk CME does not exist, but close to the boundary of the system the nonzero CME current may appear. It was demonstrated, that in the given systems the integrated total CME current remains zero. In the context of condensed matter theory the absence of CME was reported within the particular model of Weyl semimetal [26] . Besides, it was argued, that the equilibrium CME may contradict to the no -go Bloch theorem [27] . However, the way the author of [27] tried to extend the Bloch theorem to the field theoretic systems seems to us non -rigorous. The sufficient analytical proof of the absence of the equilibrium CME (in the systems without superconductivity) was presented by one of us in [28, 29] . This proof relied on the technique of Wigner transformation [30] [31] [32] [33] applied to the lattice regularized quantum field theory.
In the present paper we proceed this line of research and investigate the equilibrium CSE on the same grounds. In the framework of the naive nonregularized quantum field theory the CSE was discussed recently, for example, in [3] . Also it was discussed in the framework of lattice regularization in [8] , where it was argued, that the CSE needs no ultraviolet regularization because the expression for the current does not contain ultraviolet divergences. In the present paper, we argue, however, that the ultraviolet regularization is important. We demonstrate that without it there is an ambiguity in the calculation of the CSE current. Namely, if the model is considered at small but finite temperatures, then the calculation of axial current gives the conventional result if the summation over the Matsubara frequencies is performed first, while if the integration over the 3 -momenta is performed first, the expression for the current remains undefined. We consider this as an indication, that the rigorous lattice regularization is to be used. Following the formalism developed in [28] in the present paper we consider CSE on the basis of Wigner transformation technique [30, 31] applied to the Green functions. Unlike the case of the CME in general case the coefficient in the linear response of the axial current to the external magnetic field is not a topological invariant. However, it appears, that the coefficient in the CSE current standing at the product of magnetic field and chemical potential approaches the topological invariant when mass of the fermion tends to zero. This allows us to derive the conventional expression for the CSE current. Thus the link between the CSE effect in lattice regularization and momentum space topology is established.
It is worth mentioning, that Momentum space topology is a powerful method, which was developed earlier mainly within condensed matter theory. It allows to describe in a simple way, for example, the stability of the Fermi points, the Anomalous Quantum Hall effect, and the fermion zero modes on vortexes (for the review see [34, 35] ). Recently certain aspects of momentum space topology were discussed in the framework of the four -dimensional lattice gauge theory (see for example [36] [37] [38] ).
The paper is organized as follows. In Sect. II following [28, 29] we describe how the technique of the Wigner transformation may be applied to the lattice regularized quantum field theory. In Sect. III we consider the CSE in conventional lattice regularizations (Wilson fermions and overlap fermions). In Sect. IV we consider the CSE in the case of exact chiral symmetry -for the naive lattice regularization with 16 doublers and in the lattice regularization with deformed overlap fermions, where instead of the 15 doublers the zeros of the Green function appear. In Sect. V we demonstrate the ambiguity in the calculation of the CSE current that takes place in the naive continuum theory. In Sect. VI we end with the conclusions.
II. LATTICE FERMIONS IN THE PRESENCE OF EXTERNAL U (1) GAUGE FIELD
A. Lattice models in momentum space
In this section we consider briefly the lattice models in momentum space following the methodology of [28, 29] . For the more detailed description of the method and for the references see [28, 29] . In the absence of the external gauge field the partition function of the theory defined on the infinite lattice may be written as
where |M| is the volume of momentum space M, D is the dimensionality of space -time, whileψ and ψ are the Grassmann -valued fields defined in momentum space M. G is specific for the given system. For example, the model with 3 + 1 D Wilson fermions corresponds to G that has the form
where γ k are Euclidean Dirac matrices defined in chiral representation
where σ i is the Pauli matrix. g k (p) and m(p) are the real -valued functions (k = 1, 2, 3, 4) given by
The fields in coordinate space are related to the fields in momentum space as follows
At the discrete values of r corresponding to the points of the lattice this expression gives the values of the fermionic field at these points, i.e. the dynamical variables of the original lattice model. However, Eq. (5) allows to define formally the values of fields at any other values of r. The partition function may be rewritten in the form
Here the sum in the exponent is over the discrete coordinates r n . However, the operator −i∂ r acts on the function ψ(r) defined using Eq. (5). In order to derive Eq. (6) we use identity r e ipr = |M|δ(p)
In the particular case of Wilson fermions we may rewrite the partition function in the conventional way as
with
Here e i is the unity vector in the i -th direction.
B. Introduction of the gauge field
Gauge transformation of the lattice field takes the form
In case of Wilson fermions the U (1) gauge field is typically introduced as the following modification of operator D:
Here A x,y = −A y,x is the gauge field attached to the links of the lattice. In the same way the gauge field is typically incorporated into the models of solid state physics. One can easily check, that Eq. (8) may be rewritten as
while the pseudo -differential operator A(i∂ p ) is defined as follows. First, we represent the original gauge field A(r) as a series in powers of coordinates r. Next, variable r is substituted in this expansion by the operator i∂ p . Besides, in Eq. (13) each product of the components of p − A(i∂ p ) is subsitituted by the symmetric combination (for the details see [28] ). As it was mentioned above, for the case of Wilson fermions the formulations of Eq. (12) and Eq. (8) are exactly equivalent. For the other regularizations there may be the difference, but it manifests itself in the terms that are proportional to the field strength times a 2 (here a is the lattice spacing). Those extra terms may be neglected in continuum limit. Therefore, for any regularization we accept Eq. (13) as the definition of the model in the presence of external U (1) gauge field.
C. Electric current
Electric current is defined as the response of effective action −log Z to the variation of external Electromagnetic field. This gives [28] 
where the Wigner transformation of the Green function is expressed as:
while the Green function itself is
At the same timeG
The method of Wigner transformation in the application to the lattice models was developed in [28, 29] following its original formulation specific for the theory in continuous space -time [30] [31] [32] [33] . In [28] the following expression was derived for the linear response of the electric current to external electromagnetic field:
III. LATTICE REGULARIZATION WITH BROKEN CHIRAL SYMMETRY
A. Linear response of chiral current to external magnetic field
In this section we consider the linear response of the chiral current to external Electromagnetic field. For the field system in continuous coordinate space this response may easily be calculated using Feynman diagrams. For the field system in lattice regularization this response may be calculated following the approach of [28, 29, 38] that was briefly described above. In continuum theory the naive expression for the chiral current is ψ γ µ γ 5 ψ . Several different definitions for the particular lattice regularization may give this expression in the naive continuum limit.
The evident choice of the definition of current in lattice regularization is the functional derivative over axial gauge field of the effective action. The latter field, in turn, may be defined through the covariant derivative, which acts on the left -handed and the right -handed fermions via opposite charges. For the particular choice of the lattice model with exact chiral symmetry (i.e. when G commutes or anti -commutes with γ 5 ) this definition gives the expression similar to that of [28, 29, 38] :
Actually, we are able to adopt this definition to any lattice theory even without the exact chiral symmetry. One can easily check that in the naive continuum limit this definition gives ψ γ k γ 5 ψ . In order to regularize our expressions for the case of truly massless fermions let us use the finite temperature version of the lattice theory. With the periodic boundary conditions in the spatial directions and anti-periodic in the imaginary time direction, the lattice momenta will be
where i = 1, 2, 3 while n 4 = 0, ..., N t − 1. Temperature is equal to T = 1/N t , in lattice units 1/a, where a is the lattice spacing. Thus the imaginary frequencies are discrete p 4 = ω n = 2πT (n + 1/2), where n = 0, 1, ...N t − 1, while the axial current (also in lattice units) is expressed via the Green's functions as follows:
B. The linear response of the chiral current to chemical potential and to external magnetic field Now let us consider the system without exact chiral symmetry. Recall, that the exact chiral symmetry is to be broken if we want to describe one Dirac fermion, which is related to Nielsen -Ninomiya theorem. For definiteness, we may discuss first Wilson fermions. But this is not necessary, and the results of this subsection are valid for any lattice models. We introduce the chemical potential in the standard way ω n → ω n − iµ. The derivative of the current with respect to µ gives
We assume that the singularities of the Green function may appear only at the finite sequence of values of ω = ω (0) , ω (1) , ... that do not coincide with the Matsubara frequencies. In the limit T → 0 the sum over Matsubara frequencies becomes the integral that is regularized as follows
where
It is clear, that in the model, in which there are no poles or zeros of the Green function in the presence of exact chiral symmetry the linear response of the axial current to magnetic field is the sum of topological invariants, i.e. it cannot be changed under the continuous deformations of the model. However, in general case when γ 5 does not (anti) commute with the Green function, the terms in this expansion are not topological invariants. We may also rewrite
where Σ is the 3D hypersurface of infinitely small volume that embraces the singularities of the Green function concentrated at the Fermi surfaces (or Fermi points). The advantage of this representation is that Eq. (29) becomes the topological invariant if γ 5 anti -commutes with the Green function in a small vicinity of its poles.
For the case of Wilson fermions the singularities of the Green function may appear at ω = 0, π (for m (0) > 0 they appear at ω = 0 only). Then the limit T → 0 gives
The interesting particular case is when parameter m (0) vanishes. In this case at µ = 0 the only Fermi point appears at p = 0 and on Σ we have {γ 5 , G} ≈ 0. In this particular case
which gives the regular expression for the Chiral Separation Effect of Eq. (1). In order to confirm this prediction we use also the numerical methods. Namely, we take Eq. (26) and calculate numerically for the component N 123 the integral over 3 -momenta and the sum over ω n using MAPLE package. It is seen, that at N t → ∞ the answer tends to 1 as it should.
In the presence of nonzero mass m (0) > 0 the situation is changed, and the poles of the Green function do not appear while µ < m (0) , which gives the vanishing CSE current. At µ ≥ m (0) the Fermi surface appears, and it contributes to the chiral current through Eq. (29) . However, in this case γ 5 does not anti commute with G on Σ. In the continuum
phys a and µ = µ phys a, where m
phys and µ phys are the parameters of the model in physical units while a is the lattice spacing. In continuum limit a → 0 at µ phys ≫ m (0) phys we recover the conventional result for the CSE of Eq. (1).
D. Overlap fermions
Let us discuss the regularization using overlap fermions [39] . The massless overlap Dirac operator is defined as
where D(m (0) ) is the dimensionless Wilson-Dirac operator given by Eq. (9), where we substitute negative value of the mass parameter m (0) = −m. Operator D o obeys Ginsparg -Wilson relation, which may be written in the following form
It is called sometimes " exact " chiral symmetry on the lattice. However, this statement is not precise, and actually the conventional overlap propagator does not obey the exact chiral symmetry, which is {D −1 o , γ 5 } = 0. In momentum space we have
and
In this model the fermion Green function
has the only pole at ω = 0, p = 0. At p = (n 1 π, n 2 π, n 3 π, n 4 π) with integer n i = 0, 1 such that n 1 + n 2 + n 3 + n 4 = 0 we have the value G(p) = 1 2m . Again, the above consideration may be applied to the model in this regularization, and we have the expression for the linear response to the magnetic field given by Eq. (25) with N of Eq. (29) . In particular, in the continuum limit when m → 0, and µ = 0 we get N ijk = ǫ ijk that results in the usual expression for the CSE current of Eq. (1).
IV. LATTICE REGULARIZATION WITH EXACT CHIRAL SYMMETRY A. Naive lattice fermions
In this section we consider the case of the lattice model with exact chiral symmetry, when
The simplest example of such a system is given by the naive lattice fermions with the Green function in momentum space of the form
where γ k are Euclidean Dirac matrices while g k (p) are the real -valued functions (k = 1, 2, 3, 4) given by
In this model at m (0) = 0 instead of one massless Dirac particle in continuum limit there are 16 massless particles. In this case the linear response of the chiral current to external magnetic field and chemical potential is given by Eq. (25) with N of Eq. (29) . The contributions of the doublers differ due to the orientation of effective vierbein, i.e. the corresponding low energy effective theory for massless particle has the one -particle Euclidean lagrangian with n i = 0, 1. As a result the contributions to CSE current of those 16 doublers cancel each other. Thus, unlike the case of the previous section, in the continuum limit when m → 0, and µ = 0 all doublers contribute the sum thus giving N = 0, and cancelling the overall CSE current.
B. Modified overlap fermions
It was proposed (see, for example, [39] ) to redefine the overlap fermions as follows
In this case the chiral symmetry is exact
But the price for this is that at p = (n 1 π, n 2 π, n 3 π, n 4 π) with n 1 + n 2 + n 3 + n 4 = 0 we have the vanishing value of the Green function G(p) = 0. The zeros of the Green function are in many aspects similar to poles. In particular, they contribute to CSE in such a way, that the total current vanishes. Let us define
At finite temperatures we have
At any value of n the functional N 3 (ω n ) is the topological invariant, i.e, it is not changed under any variation G → G + δG if during such modification the poles or zeros of G do not appear. It is given by
Therefore, in the model, in which there are no poles or zeros of the Green function in the presence of exact chiral symmetry the linear response of the axial current to magnetic field is the sum of topological invariants, i.e. it cannot be changed under the continuous deformations of the model. The pole of the Green function at finite temperature may appear if there exists such integer n that ω n = 2π Nt (n + 1/2) = π. This gives equation
which has a solution for odd values of N t . Therefore, for simplicity in the following we assume that N t is even. The ordinary chemical potential cannot cause the appearance of poles or zeros of the Green function, which is seen from the following consideration. Again, let us assume that the chemical potential appears as the imaginary contribution to Matsubara frequency. In this case the poles or zeros of the Green function may appear if:
We obtain the following system
The second equation has a solution in real variables. We obtain ω n = π/2 or ω n = π. In the former case the first equation does not have solutions. The latter case is realized for odd values of N t only, and then the poles of the Green function appear as the solution of equation
However, as above we can always choose the even value of N t , and therefore the poles of the Green function do not appear if we modify the value of µ. Therefore, we are able to calculate N 3 (ω n ) for vanishing µ, and the result gives the answer for finite µ. This calculation is represented in Appendix A, and as expected it gives the vanishing CSE current.
V. NAIVE CONTINUUM EXPRESSIONS FOR THE CSE CURRENT
A. The integration over 3 -momenta before the summation over Matsubara frequencies
Above we considered the CSE effect using rigorous lattice regularizations. Also we feel this instructive to present here the discussion of chiral separation effect in the framework of naive continuous field theory. We will see, that there is an ambiguity in this consideration, which is reflected by the lattice constructions with and without exact chiral symmetry.
Let us consider the propagator of massless non-interacting Dirac fermions
Here p µ = (ω, p). We will consider the case when the magnetic field is directed along the z axis (i.e F 12 = −B). The expression for the chiral current has the form:
and after integration over 3 -momenta we arrive at
Thus, formally, in the case of massless fermions the chiral current is equal to the sum of the integer numbers. If, as a result of the interaction in medium, G is changed as ω n → f (ω n ), p i → g(p i ), then the result depends on sign f . We introduce the chemical potential in the standard way ω n → ω n − iµ. In this case we need an analytical continuation of the sign function. We may try to use, for example, the rule
And then from this naive consideration the conclusion may be drawn, that the chemical potential does not influence the CSE current. Below we will see, that the formal expressions in the continuum theory will lead to the different answer if the summation over the Matsubara frequencies is performed before the integration over momenta.
B. The integration over 3 -momenta after the summation over Matsubara frequencies
In the previous section we have shown that the axial current in an external magnetic field is expressed as the sum of the topological invariants multiplied by the field strength. This expression would become the exact result, but only if the theory does not contain divergences.
We may extract another result from the above expressions. Namely, let us first perform the initial summation over the frequencies and only after that -the integration over momenta
Where C is the contour that surrounds poles of the hyperbolic tangent function. We use the relation
to calculate the value of the integral using the theory of residues. We deform contour C in such a way that it surrounds the points z = ±z 0 . After this deformation we have
We can write the equation in this form because:
Thus we can rewrite the integral as
d dp
and after substitution d 3 p = 4πp 2 dp we find that
This expression coincides with the conventional expression Eq. (1) (see, for example, [16] ) and also it coincides with the result obtained above using Wilson fermions and conventional overlap fermions. It is still protected from the renormalization of 3 -momentum (p i → g(p i )). However, although the result of the rigorously regularized theory (using, say, lattice Wilson fermions) is reproduced by the approach of the present subsection, we would like to emphasize once again, that this approach itself is not self -consistent, and its application to the other problems may be limited. In particular, let us consider the modification of the system, which leads to the replacement of iω n by a function f (iω n ) such that it tends to iω n at large n. Looking at Eq. (45) we may come to the conclusion, that such a modification cannot change the value of the axial current. However, Eq. (49) is not invariant under the substitution iω n → f (iω n ). This demonstrates once again, that the rigorous ultraviolet regularization is needed in order to calculate the response of axial current to external field strength.
VI. CONCLUSIONS AND DISCUSSIONS
In the present paper we discuss the Chiral Separation Effect both in the framework of the naive continuum nonregularized quantum field theory and of the lattice regularized theory. In both cases we also regularize the theory using finite temperatures.
We demonstrate, that the naive continuum formulation suffers from the ambiguities related to the order of taking the integral over the 3 -momenta and the sum over Matsubara frequencies. If the Matsubara frequencies are summed first, then the divergencies are not encountered and the conventional expression for the chiral current in the presence of external magnetic field is reproduced. At the same time if the 3 -momenta are integrated first, then the resulting expression is given by the sum of Eq. (46), where each term is equal to either 1 or −1. This sum is not well defined, but each term in this sum is indepedent of the chemical potential.
This ambiguity points out that although certain computational schemes of the CSE current do not encounter the ultraviolet divergences, the theory should be considered in the ultraviolet regularization in order to obtain rigorous results. Therefore, we consider several types of lattice regularization. First of all, we considered the naive lattice regularization, where 16 doublers represent the independent physical excitations. Those excitations differ by the orientation of effective vierbein, and as a result their contributions to the CSE current cancel each other.
Recently the modification of the regularization using overlap fermions was proposed (see, for example, [39] ), in which massless physical excitation appears at ω = p = 0 while at the positions of the other 15 doublers (of naive lattice fermions), the zeros of the Green function appear. As a result the exact lattice chiral symmetry is obeyed just like in the case of naive lattice fermions. The physical meaning of the zeros of the Green function remains unclear, but it is discussed in certain publications (mostly in the framework of condensed matter theory). We demonstrate, that the contribution of those zeros of the Green function to the CSE cancels the contribution of the physical massless excitation. Thus in both considered cases of the lattice theory with exact chiral symmetry the CSE does not appear.
Typically, in the lattice models the exact chiral symmetry is broken, which is the price for the elimination of the fermion doublers. We consider the two particular cases of such conventional regularization -the case of lattice Wilson fermions and the case of conventional overlap fermions. In both cases the massless excitation appears at ω = p = 0 only, the other doublers disappear, and also there are no zeros of the Green function. The price for this is the absence of the exact chiral symmetry. However, in the case of overlap fermions there is the Ginsparg -Wilson relation instead. In both these regularizations we observe the emergence of the Chiral Separation Effect. The corresponding current tends to its conventional expression Eq. (1) in continuum limit of the model with massless fermions. In the case, when the theory describes massive fermions with mass m, the CSE current is absent at µ < m. It appears at µ ≥ m, and is given by the same expression of Eq. (1) in the limit µ ≫ m.
Actually, our consideration may easily be extended to the other lattice models including those ones, with the interactions. The necessary condition is the presence of the massless Dirac fermions in continuum limit. Therefore, Eq. (1) should be regularization independent. We take the limit T → 0, which allows to substitute the sum over Matsubara frequencies by the integral. This consideration demonstrates also, that for the noninteracting system the same answer for the CSE current is obtained at finite temperature. This is because then the limit N t → ∞ means the transition to continuum limit, and the appropriate tuning of the lattice spacing a allows to treat the final answer as the axial current at finite temperature T = 1/(N t a). However, for the interacting system the situation may be different, and at finite temperatures the corrections to the CSE current may appear [40] -the effect, which we do not discuss here.
We conclude, that in the physical regularizations with Wilson and overlap fermions the conventional CSE emerges. At the same time we suppose, that the model with the modified overlap fermions [39] with exact chiral symmetry Eq. (38) is unphysical. Although the zeros of the Green function do not contribute to the ordinary perturbation expansion on the same grounds as the physical excitations, they contribute the topological quantities responsible for the CSE in the same way as the fermion doublers. In this respect the modified overlap fermions with Eq. (38) are similar to the naive lattice fermions with 16 doublers, and they do not possess the CSE.
In this expression ∂Ω is the small vicinity of point y l of momentum space where vector k l is undefined. The absence of the singularities of g k implies that α → ± π 2 at such points. Thus we see that the expression under the integral is the total derivative. We can rewrite it in the form
Where we have used the notation [29] Res(y l ) = 1 8π ǫ
It is worth mentioning, that this symbol obeys l Res(y l ) = 0. At each n the value of sign g 4 is constant. Therefore, N 3 (ω n ) = 0 for any n.
